Abstract. Let A be an abelian variety over a global field K of characteristic p ě 0. If A has nontrivial (resp. full) K-rational l-torsion for a prime l ‰ p, we exploit the fppf cohomological interpretation of the l-Selmer group Sel l A to bound # Sel l A from below (resp. above) in terms of the cardinality of the l-torsion subgroup of the ideal class group of K. Applied over families of finite extensions of K, the bounds relate the growth of Selmer groups and class groups. For function fields, this technique proves the unboundedness of l-ranks of class groups of quadratic extensions of every K containing a fixed finite field Fpn (depending on l). For number fields, it suggests a new approach to the Iwasawa µ " 0 conjecture through inequalities, valid when ApKqrls ‰ 0, between Iwasawa invariants governing the growth of Selmer groups and class groups in a Z l -extension.
Introduction
Fix a prime l, a number field K, an abelian variety A Ñ Spec K of dimension g ą 0, and let L{K range in some family of finite extensions. Our goal is to relate, in favorable situations, the growth of the l-torsion subgroup PicpO L qrls of the ideal class group of L and that of the l-Selmer group Sel l A L . Concrete expectations in the case of quadratic L{K are provided by folklore conjectures: Conjecture 1.1. As L{K ranges over quadratic extensions, # PicpO L qrls is unbounded. Conjecture 1.2. As L{K ranges over quadratic extensions, # Sel l A L is unbounded.
Remarks.
1.3. Conjecture 1.1 is known for l " 2 due to the genus theory of Gauss, but is open for every pair pK, lq with l odd; in the K " Q case, much more precise predictions are available through the Cohen-Lenstra heuristics [CL84] . The conjectured (but not universally believed) unboundedness of rk ApLq would imply Conjecture 1.2, which is known for l " 2 if g " 1 [CS10, Thm. 3] 1.9. The function field case. The argument sketched in 1.8 continues to work for a global function field K of positive characteristic p ‰ l. For such K, the analogue of Conjecture 1.2 is known in the case of a constant supersingular elliptic curve: rk ApLq is unbounded due to the work of Shafarevich and Tate [TŠ67] . With this input, we prove the analogue of Conjecture 1.1 for every K containing a fixed finite field F p n (depending on l) and consequently, for such K, also the analogue of Conjecture 1.2 for A that have Z{lZ or µ l as a K-subgroup. For precise statements, see Theorem 5.1 and Corollary 5.5. As in the number field case discussed in Remark 1.3, no case of the analogue of Conjecture 1.1 was previously known for odd l (for l " 2, see [Mad72, Thm. 3] ).
1.10. Applications to Iwasawa theory. The bounds mentioned in 1.8 lead to inequalities of Propositions 7.1 and 7.3 between the Iwasawa invariants governing the growth of Selmer groups and class groups in the layers of a Z p -extension. These inequalities imply our main result concerning Iwasawa theory (for a detailed discussion and other results see § §6-8):
Theorem 1.11 (Theorem 8.4). For a prime p and a number field K, to prove the Iwasawa µ " 0 conjecture for the cyclotomic Z p -extension K 8 {K, it suffices to find an abelian K-variety A such that (i) A has good ordinary reduction at all places above p,
(ii) A has Z{pZ as a K-subgroup, (iii) HompSel p 8 A K8 , Q p {Z p q is a torsion module over the Iwasawa algebra and has µ-invariant 0.
Remark 1.12. In fact, it suffices to find such an A after replacing K by a finite extension, see Lemma 7.7. It is not clear, however, how to take advantage of the apparent flexibility of choice: for arbitrary K and p, (iii) alone seems nontrivial to fulfill. For K " Q and p " 5, the elliptic curve 11A3 satisfies (i)-(iii) [Gre99, ; with this A, Theorem 1.11 reproves an easy case of the Ferrero-Washington theorem (which is not used in loc. cit., so the argument is not circular).
1.13. The contents of the paper. The bounds discussed in 1.8 are essential for all subsequent applications and are proved in § §2-3. These technical sections rely on (standard but crucial) auxiliary computations of appendices A and B. Theorem 1.5 is proved in §4, which applies the inequalities of § §2-3 in families of bounded degree extensions of K. Both § §2-4 and the appendix B work under the assumption that K is a global field. Special cases of function field analogues of Conjectures 1.1 and 1.2 are proved in §5. The remaining § §6-8 discuss Iwasawa theory (and assume that K is a number field). The introductory §6 records how Iwasawa invariants control the growth of PicpO K qrp m s and Sel p m A; this deviates from the standard discussion that concerns PicpO K qrp 8 s and Sel p 8 A. Inequalities between Iwasawa invariants of class groups and Selmer groups result from the bounds of § §2-3 and are the subject of §7. The final §8 summarizes the conclusions for the cyclotomic Z p -extension ( § §6-7 allow an arbitrary Z p -extension).
1.14. Notation. The notation set in this paragraph is in place for the rest of the paper; deviations, if any, are recorded in the beginning of each section. Let l be a prime, m a positive integer, and K a global field. If char K " 0, let S be the spectrum of the ring of integers of K; if char K ą 0, let S be the smooth proper curve over a finite field such that the function field of S is K. Let v be a place of K and K v the corresponding completion; if v ∤ 8, then v identifies with a closed point of S, and O v and F v denote the ring of integers and the residue field of K v . Let r 1 and r 2 be the number of real and complex places of K. Let A Ñ Spec K be an abelian variety of dimension g ą 0 and A Ñ S its Néron model. For v P S, let Φ v be the étale F v -group scheme of connected components of A Fv . For a finite extension L{K, the formation of S, A, Φ v is not compatible with base change, and we denote by
1.15. Conventions. To simplify the computations, Á A,L,... and À A,L,... denote inequalities up to implied constants that depend only on the indicated parameters (note that A, being a morphism A Ñ Spec K, includes dependence on K); when no parameters are indicated, the ones used last are taken. Also, " stands for "Á and À". When needed (e.g., for forming composita or intersections), a choice of a separable closure F of a field F is made implicitly (and compatibly for overfields). The étale fundamental group of an integral scheme is based at a geometric generic point. Fppf cohomology is denoted by H i ; when the coefficient sheaf is a smooth group scheme, the identification with étale cohomology [Gro68, 11.7 1˝)] is implicit and similarly for further identifications with Galois cohomology. Fppf cohomology with compact supports that takes into account infinite primes [Mil06, III.0.6 (a)] is denoted by H i c . All quotients are taken in the big fppf topos, and X fppf denotes the big fppf site of the scheme X. The l m -Selmer group Sel l m A is the preimage of
where fppf cohomology is necessary if l " char K. For a nonempty open U Ă S, the number of closed points of S not in U is #pSzU q. If char K " 0, then Pic`pSq is the narrow ideal class group of K; if char K ą 0, then Pic`pSq :" PicpSq. For an integer n and a scheme X, the open subscheme on which n is invertible is Xr the program "Rational points and algebraic cycles". I thank CIB, NSF, and the organizers of the program for a lively semester and the opportunity to take part.
Lower bounds for Selmer groups in terms of class groups
Mimicking [Mil06, before II.3.4], for a nonempty open U Ă S and a sheaf F on U fppf , we define
Proposition 2.1. If U Ă S is a nonempty open subscheme for which A has semiabelian reduction at all v P U with char F v " l, then
is Cartesian. If, moreover, l ‰ char K or U " S, then, taking intersections inside H 1 pK, Arl m sq, 
Proof. We give the similar proofs together. For (a), set U :" Sr 
Upper bounds for Selmer groups in terms of class groups
Assume in this section that l ‰ char K. Contrary to the lower bounds in Theorem 2.2, we do not use implied constants in the upper bounds in Theorem 3.1. This makes the inequalities less pleasant but has the advantage of providing explicit lower bounds on the cardinalities of l-torsion subgroups of class groups when Theorem 3.1 is applied to an abelian variety of high rank. For instance, one may hope for a practical approach to Theorem 1.5: by finding an elliptic curve E Ñ Spec Q for which EpQqrls ‰ 0 with l odd and a quadratic F {Q for which rk EpF q is large, one would get a quadratic number field with large class group l-rank r l :" dim F l PicpS F qrls. The current records (among quadratic F ) r 3 " 6 [Que87] and r 5 " 4 [Sch83] exploit relations with elliptic curves. 
and also 
Remarks.
3.2.
The two bounds are incomparable in general; they yield different bounds in Proposition 7.3.
3.3.
When Z{l a i Z -µ l a i over K, the two interpretations of the corresponding subquotient result in different right hand sides of the inequalities of Theorem 3.1, and hence also in the flexibility of choosing the best bound. Similarly for µ l b j .
Growth of Selmer groups and class groups in extensions of bounded degree
Theorem 4.1. Let L{K be an extension of degree at most d.
(a) If either (i) A has Z{lZ or µ l as a K-subgroup, and l ‰ char K, or
(ii) A has everywhere semiabelian reduction and Z{lZ as a K-subgroup,
(b) If l ‰ char K and Arls has a filtration with subquotients isomorphic to Z{lZ or µ l , then
Proof.
(a) This follows from Theorem 2.2 since, letting w denote a place of L, we have (1) and (2) and uses
Proof. Indeed, A acquires a nontrivial l-torsion point over an extension of degree at most l 2g´1 . If l ‰ char K, the assumptions of (a) and (b) in Theorem 4.1 are satisfied after passing to a suitable finite extension K 1 {K; standard lemmas 4.5 and 4.6, which are also used in §7, clarify in Corollary 4.8 how this affects the unboundedness questions.
Lemma 4.5. Let L be a global field and L 1 {L an extension of degree at most d. Then
Proof. For number fields, the claim is clear from the theory of the Hilbert class field: if H{L is an unramified abelian extension with Galois group killed by n, then so is HL 1 {L 1 , for which
The proof in the function field case is the same-the link to unramified abelian extensions is provided by Lemma B.1(a) applied to the prime factors of n:
Ls where H L {L is the maximal (in L 
is a morphism of short exact (in the big étale site of L) sequences of smooth L-group schemes. , it remains to see that H 1 et paq respects the n-Selmer subgroups. This is evident from the compatibility of the formation of (4.6.1) with any base change and the well known
Remark 4.7. For separable L 1 {L, one reduces to the Galois case and applies the inflation-restriction sequence in Galois cohomology to obtain another proof of Lemma 4.6.
Corollary 4.8. Let L{K range in a family of finite extensions of bounded degree.
(a) For a finite extension K 1 {K for which either (i) or (ii) of Theorem 4.1(a) hold, if # PicpS L qrls is unbounded, then so is
(b) Assume that l ‰ char K. For a finite extension K 1 {K for which Arls K 1 has a filtration with subquotients isomorphic to Z{lZ or
Proof. Combine Theorem 4.1 with Lemmas 4.5 and 4.6.
Special cases of the function field analogues of Conjectures 1.1 and 1.2
For this section, fix a prime p and suppose that char K " p, i.e., K is a finite extension of F p ptq. The analogues in question assume that l ‰ p and predict that # PicpS L qrls and # Sel l A L should be unbounded as L ranges over quadratic extensions of K. We show that this is indeed the case if one replaces K by a finite extension depending on l (and also on A in the Selmer group case). The key input is the work of Shafarevich and Tate [TŠ67] on unboundedness of ranks of quadratic twists of a constant supersingular elliptic curve.
Theorem 5.1. For each prime power l m with l ‰ p, there is a q " p npl,mq such that if F q Ă K, then the number of Z{l m Z-summands of PicpS L qrl m s is unbounded as L{K ranges over quadratic extensions of the form L " L 1 K for quadratic extensions L 1 {F p ptq. In particular, with n :" npl, 1q, the analogue of Conjecture 1.1 holds for l and every global field containing F p n .
Proof. Take a supersingular elliptic curve E Ñ Spec F p (see [Wat69, 4.1 (5)] for its existence proved by Deuring). Let q be such that E Fq rl m s -Z{l m Z ' µ l m , and hence also 
5.2.
We expect that the conclusion of Theorem 5.1 holds already with npl, mq " 1.
For a composite
k prime to p, the proof gives a q " p npl 1 ,m 1 ,...,l k ,m k q such that for every finite extension K{F q ptq, the unbounded growth of the number of Z{l
i s is simultaneous as L{K ranges over quadratic extensions (of the form L " L 1 K as in Theorem 5.1).
5.4.
A possible choice for npl, mq is 2n with p´pq n " 1 mod l m (e.g., npl, mq :" 2l m´1 pl´1q):
in the proof take the supersingular E Ñ Spec F p which has x 2`p as the characteristic polynomial of the p-power Frobenius Frob p , so Frob p 2n fixes Erl m s.
Corollary 5.5. If l ‰ p, then there is a finite extension K 1 {K (depending on l and A) such that the analogue of Conjecture 1.2 holds for A K 2 and l for every finite extension K 2 {K 1 , i.e., # Sel l A L is unbounded as L{K 2 ranges over quadratic extensions.
Proof. Due to Theorems 4.1(a) and 5.1, it suffices to choose K 1 to contain F p n with n " npl, 1q and satisfy either Z{lZ Ă Arls K 1 or µ l Ă Arls K 1 .
Iwasawa theory of class groups and Selmer groups
To keep the discussion focused, we assume in this and the next two sections that K is a number field, even though the question of function field analogues is an interesting one. Likewise, we set aside the possibility of more general p-adic Lie extensions and fix a Z p -extension K 8 {K. Concretely, K 8 {K is Galois with GalpK 8 {Kq -Z p ; we fix a choice of the latter isomorphism, which identifies the Iwasawa algebra Λ of K 8 {K with Z p rrT ss. We denote by v 1 , . . . , v k the places of K ramified in K 8 , so k ě 1 and v i | p, and by K n the subfield of K 8 fixed by p n Z p .
6.1. Iwasawa theory of class groups. Let M be the maximal unramified abelian pro-p extension of K 8 . Set X :" GalpM {K 8 q, which is a finitely generated torsion Λ-module (cf. [Ser58, Thm. 5 et §5]). The structure theory of such Λ-modules gives a Λ-homomorphism
with finite kernel and cokernel (i.e., a pseudo-isomorphism) for uniquely determined m j P Z ą0 , monic polynomials f i P Z p rrT ss that are monomials mod p, and l i P Z ą0 . The λ-and µ-invariants of K 8 {K are
We also set µ Before giving the proof we record a trivial lemma that clarifies implicit computations in subsequent arguments involving pseudo-isomorphisms; the lemma will be used without explicit notice. Proof. Apply the snake lemma twice.
Proof of Proposition 6.2. Replacing K by K n has the effect of multiplying µ pmq Pic by p n (since Z p rrT ss is replaced by Z p rrpT`1q p n´1 ss). By choosing n large, we are therefore reduced to the case when each v i is totally ramified in K 8 .
In this case, by [Ser58, Thm. 4], as Z p -modules, PicpS Kn qrp 8 s is isomorphic to the quotient of the finitely generated X{ppT`1q p n´1 qX by a submodule generated by k elements. Hence
6.4. Iwasawa theory of Selmer groups. The p 8 -Selmer group of A Kn is
and that of A K8 is
For the compact Pontryagin dual X 1 :" HompSel p 8 A K8 , Q p {Z p q, one knows Claim 6.4.1. The Λ-module X 1 is finitely generated. 
Proof. Fix a nonempty open U Ă Sr
give #H 1 et pU, Arp n sqrps ď #H 1 et pU, Arpsq¨#ApKqrps. Consequently, H 1 et pU, Arp 8 sq is Z p -cofinitely generated.
Let U 8 :" lim Ð Ý U S Kn be the normalization of U in K 8 . Since U 8 {U is pro-(finite étale Galois), the Hochschild-Serre spectral sequence
shows that H 1 et pU 8 , Arp 8 sq GalpK8{Kq is Z p -cofinitely generated. Therefore, so is
Pontryagin duality then gives the finiteness of X 1 {pT, pq, and it remains to invoke the relevant version of Nakayama's lemma [Ser58, Lemme 4].
Claim 6.4.1 and the structure theory of finitely generated Λ-modules give a pseudo-isomorphism
as in 6.1 (with similar uniqueness claims). However, unlike X, the Λ-module X 1 need not be torsion, i.e., ρ ą 0 is possible. As for class groups, set µ pmq Sel :"
6.5. Controlled growth. We say that the control theorem holds for A and K 8 , if Lemma 6.7. Let A Ñ Spec K be an abelian variety over a global field, p a prime, and a, b P Z ą0 .
(a) The kernel and cokernel of Sel a A Ñ pSel ab Aqras are of size at most #AraspKq. , and the cokernel claim results from the injection H 1 pK,Arabsqras ImpH 1 pK,Arasqq ãÑ Ker`H 1 pK, Arbsq Ñ H 1 pK, Arabsq˘.
Proof of Proposition 6.6. By Lemma 6.7(b), the control theorem, and Pontryagin duality,
q˘.
Therefore, the desired conclusion results from (6.4.2) (and Lemma 6.3).
Relations between the Iwasawa invariants of Selmer groups and class groups
We keep the setup of §6 and denote by ord p the p-adic valuation normalized by ord p p " 1.
Proposition 7.1. Suppose that the control theorem holds for A and K 8 , and let Σ be the set of finite places of K that decompose completely in K 8 .
Z{p a i Z with a i ě 1 as a K-subgroup and A has semiabelian reduction at all v | p, then
Proof. We begin with some preliminary observations. Proof. We begin with some preliminary observations.
(1) Each infinite place of K is completely decomposed in K 8 .
(2) #pPic`pS Kn q{p a i Pic`pS Knď 2 rp n¨# PicpS Kn qrp a i s. Sel for all m ě 0. In particular, ρ ď ρ 1 , and if ρ 1 " 0, then µ Sel ď µ 1 Sel .
Proof. If K 1 XK 8 " K n , then Lemma 4.6 and Proposition 6.6 give p n pρm`µ Theorem 8.4. If ρ`µ Sel " 0, the control theorem holds for A and K 8 , and (i) A has Z{pZ as a K-subgroup and semiabelian reduction at all v | p, or (ii) p is odd, and A has Z{pZ as a K-subgroup, or (iii) p is odd, K is totally real, and A has µ p as a K-subgroup, then µ Pic " 0.
Proof. The conclusion is immediate from Proposition 7.1, because Σ " H.
Adopting the notation of 7.6, one can use the results of §7 to study boundedness questions:
Theorem 8.5. If K " Q, the reduction of A at p is good ordinary, and Arps has a filtration by K-subgroups with subquotients isomorphic to Z{pZ or µ p , then ρ 1 À d,g 1 and µ 1p1q Sel À d,g 1 for an abelian extension K 1 {Q of degree d.
Proof. Indeed, µ 1 Pic " 0 (cf. 8.3), so Proposition 7.3 gives the claim. Remarks.
8.6. If one assumes Conjecture 8.1, then the abelian restriction on K 1 {Q is not needed; in fact, one can then also drop the assumption on Arps and get the conclusion ρ 1 , µ 
